We investigate a weak version of subsystem eigenstate thermalization hypothesis (ETH) for a twodimensional large central charge conformal field theory by comparing the local equivalence of high energy state and thermal state of canonical ensemble. We evaluate the single-interval Rényi entropy and entanglement entropy for a heavy primary state in short interval expansion. We verify the results of Rényi entropy by two different replica methods. We find nontrivial results at the eighth order of short interval expansion, which include an infinite number of higher order terms in the large central charge expansion. We then evaluate the relative entropy of the reduced density matrices to measure the difference between the heavy primary state and thermal state of canonical ensemble, and find that the aforementioned nontrivial eighth order results make the relative entropy unsuppressed in the large central charge limit. By using Pinsker's and Fannes-Audenaert inequalities, we can exploit the results of relative entropy to yield the lower and upper bounds on trace distance of the excited-state and thermal-state reduced density matrices. Our results are consistent with subsystem weak ETH, which requires the above trace distance is of power-law suppression by the large central charge. However, we are unable to pin down the exponent of power-law suppression. As a byproduct we also calculate the relative entropy to measure the difference between the reduced density matrices of two different heavy primary states. *
Introduction
According to eigenstate thermalization hypothesis (ETH) [1, 2] , a highly excited state of a chaotic system behaves like a high engergy microcanonical ensemble thermal state. More precisely, it states that (i) the diagonal matrix element A αα of a few-body operator A with respect to the energy eigenstate α change slowly with the state in a way of suppression by the exponential of the system size; (ii) the off-diagonal element A αβ is much smaller than the diagonal element by the factor of exponential of the system size. This will then yield that the expectation value of the few-body observable in a generic state |φ behaves like the ones in the microcanonical ensemble
entropy and Rényi entropy should also satisfy some sort of the subsystem ETH. In this sense, the subsystem ETH is strongest form of ETH, i.e., stronger than local ETH.
The above discussions of ETH are all based on the comparison of energy eigenstate and the microcanonical ensemble state. In [5] , there are discussions of generalizing the ETH to the comparison with the canonical ensemble state, based on the observation of the local equivalence between the canonical and microcanonical states [6] . In this case, the energy eigenstate and canonical ensemble thermal state should also locally alike in the thermodynamic limit. This was called weak ETH in [5] , in which, however, there is no exact bound on weak ETH for general cases. Despite that, some of the results in [6] showed that the thermal states of canonical and microcanonical ensembles are locally equivalent up to power-law suppression of the dimension of Hilbert space.
Based on all the above, we may expect that the weak ETH will at least yield
where the subscript β denotes canonical ensemble with inverse temperature β, S(β) is the canonical ensemble entropy, andã andb are some positive real numbers of order one. More specifically, it was argued in [7] that a = 1 and was verified in [8] by numerical simulation for some integrable model. However, for generic models it was mathematically shown thatã = 1/4 [5] . We expectb should also behave similarly. We will call the 2nd inequality in (1.3) the subsystem weak ETH, which inherits both the subsystem ETH and weak ETH.
For a conformal field theory (CFT) with there are infinite degrees of freedom, which is in some sense the thermodynamic limit, as required for the local equivalence between canonical and microcanonical states. Moreover, the nonlocal quantities like entanglement entropy and Rényi entropy do not necessarily be exponentially suppressed [3, 4] . In fact the primary excited state Rényi entropy in two-dimensional (2D) CFT is not exponentially suppressed in the large central charge limit [3, 9] . All of these motivate us to check the validity of weak ETH for a 2D CFT of large central charge c.
In this paper we investigate the validity of the subsystem weak ETH (1.3) for a 2D large c CFT. In this case, the worldsheet description of an excited state |φ for a CFT living on a circle of size L corresponds to an infinitely long cylinder of spatial period L capped by an operator φ at each end. On the other hand, the thermal state of a CFT living on a circle with temperature T has its worldsheet description as a torus with temporal circle of size β = 1/T . In the high temperature limit with L β, the torus is approximated by a horizontal cylinder. Naively the vertical and horizontal cylinders should be related by Wick rotation and can be compared after taking care of the capped states. This is indeed what have been done in [10, 11] by comparing the two-point functions two light operators of large c CFT, and in [12, 13] for the single-interval entanglement entropy. These comparisons all show that the subsystem weak ETH holds. However, in [3, 9] the one-interval Rényi entropy for small interval of size L are compared by expansion up to order 6 and it was found that one cannot find a universal relation between β and L to match the excited-state Rényi entropy with the thermal one in the series expansion of . Moreover, in the context of AdS/CFT correspondence [14] [15] [16] [17] , a large N CFT is dual to the AdS gravity of large AdS radius, and so the subsystem ETH implies that the backreacted geometry by the massive bulk field is approximately equivalent to the black hole geometry for the subregion observer. Especially, for AdS 3 /CFT 2 1 Note that in [3] no large c is required, and they just require the excited state to be heavy.
the CFT has infinite dimensional conformal symmetries as the asymptotic symmetries of AdS space [18] , along with ETH it could imply that the infinite varieties of Bañados geometries [19] dual to the excited CFT states are universally close to the BTZ black hole [20] . Although the Newton constant G N may get renormalized in the 1/c perturbation theory, and then obscure the implication of our results to the above issue, we still hope that our results can provide as the stepping stone for the further progress.
As discussed in [3] , the validity of subsystem ETH depends on how the operator product expansion (OPE) coefficients scale with the conformal dimension of the eigen-energy operator in the thermodynamic limit. This means that the subsystem ETH could be violated for some circumstances. In this paper we continue to investigate the validity of ETH for a 2D large c CFT by more extensive calculations, and indeed find the surprising results.
According to Cardy's formula [21] the thermal entropy is proportional to the central charge c, and so we just focus on how various quantities behave in large c limit. We calculate the entanglement entropy and Rényi entropy up to order 8 in the small expansion. We then find that there appear subleading corrections of 1/c expansion at the order 8 . Because the appearance of these subleading corrections at order 8 is quite unexpected, we solidify the results by adopt two different method to calculate them. These methods are (i) the OPE of twist operators [22] [23] [24] [25] on cylinder, or equivalently on complex plane; and (ii) 2n-point correlation function on complex plane [26] [27] [28] [29] [30] [31] [32] . By both the two methods we get the same results. Moreover, we turn the comparison of the entanglement entropy into the relative entropy between reduced density matrices for excited state and thermal state by the modular Hamiltonian argument in [3] . Then, the above discrepancy yields that the relative entropy is of order c 0 .
Based on the above results, we use the Fannes-Audenaert inequality [33, 34] and Pinsker's inequality by relating the trace distance to entanglement entropy or relative entropy, to argue how the trace distance of the reduced density matrices of the excited and thermal states scales with the large c. Our results are consistent with the subsystem weak ETH. However, we lack of further evidence to pin-down the exact power-law suppression,
i.e., unable to obtain the exponentb in (1.3).
Finally, using the replica method based on evaluating the multi-point function on a complex plane, as a byproduct of this project we explicitly calculate the relative entropy to measure the difference between the reduced density matrices of two different heavy primary states.
The rest of the paper is organized as follows. In section 2 we briefly review the known useful results about Rényi entropy, entanglement entropy and relative entropy, and also evaluate the relative entropy between chiral vertex state and thermal state in 2D free massless scalar theory. In section 3 we calculate the excited state Rényi entropy in two different replica methods in the short interval expansion. Using these results, in section 4 we check the subsystem weak ETH. We find that the validity of the subsystem weak ETH depend only on whether the large but finite effective dimension of the reduced density matrix exists and if yes how it scales with c. In section 5 we evaluate the relative entropy of the reduced density matrices to measure the difference of two heavy primary states. Finally, we conclude our paper in section 6. Moreover, in appendix A we give some details of the vacuum conformal family; in appendix B we give the results of OPE of twist operators, including both the review of the formulism and some new calculations; and in appendix C we list some useful summation formulas.
In this section we will briefly review the basics of relative entropy and then ETH. In the next section, the relative entropy between the reduced density matrices of heavy state and thermal state will be evaluated for large central charge 2D CFT to check the validity of ETH. We will end this section by calculating the relative entropy of a toy example CFT, namely the 2D massless scalar.
Relative entropy
Given a quantum state of a system denoted by the density matrix ρ, then the reduced density matrix on some region A is given by
where A c is the complement of A. One can then define the Rényi entropy 2) and the entanglement entropy
which is formally equivalent to taking n → 1 limit of the Rényi entropy.
In this work we will focus on the holomorphic sector of a 2D CFT of central charge c, and the Rényi entropy for a region A of size , i.e., A = [− /2, /2], for a vacuum state it is known [22] 
where L is the size of the spatial circle on which the CFT lives. Similarly, the Rényi entropy of a thermal state with temperature 1/β for a CFT living on a infinite straight line is
Taking n → 1 limit, one can get the corresponding entanglement entropy straightforwardly. For simplicity, in this paper we only consider the contributions from the holomorphic sector of CFT, and the anti-holomorphic sector can be just added for completeness without complication. Also we will not consider the subtlety due to the boundary conditions imposed on the entangling surface [35, 36] .
For subsystem ETH it is to compare the reduced density matrices between a heavy state and the excited state, and in this paper we consider the Rényi entropy difference, the entanglement entropy difference, and the relative entropy, as well as the trace distance. The relative entropy is defined as
where ρ A and ρ A are the reduced density matrixes over region A for state ρ and ρ , respectively. Note that the relative entropy is not symmetric for its two arguments, i.e., S(ρ A ρ A ) = S(ρ A ρ A ). One may define the symmetrized relative entropy
to characterize the difference of the two reduced density matrices, but one should be aware that it is not a "distance".
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One can also express the relative entropy as follows:
where the modular Hamiltonian H A is defined by
The modular Hamiltonian is in general quite nonlocal and known only for some special cases [29, [36] [37] [38] . One of these cases fitted for our study in this paper is just the case considered for the Rényi entropy (2.5) of a thermal state, and the modular Hamiltonian is given by [38] 
where T (x) is the holomorphic sector stress tensor of the 2D CFT.
In this paper we will check the subsystem weak ETH for a normalized highly and globally excited state created by a (holomorphic) primary operator φ of conformal weight h φ = c φ acting on the vacuum, i.e., |φ = φ(0)|0 . The first step to proceed the comparison for checking ETH is to make sure the excited state and the thermal state have the same energy, and this then requires
The right hand side of the above equation is just the Casimir energy of the horizontal worldsheet cylinder 12) and the left hand side is given by (A.16). Thus, (2.11) yields a relation between the inverse temperature β and the conformal weight h φ (or φ ) [10, 11] 
Moreover, the relation (2.11) and (2.10) ensure H A,β φ = H A,β β so that [3] S(ρ A,φ ρ A,β ) = −S A,φ + S A,β . (2.14)
ETH
ETH states that a highly excited state of a chaotic system behaves thermally. One way to formulate this is to compare the expectation values of few-body operators for high energy eigenstate and the thermal state, as explicitly formulated in (1.1). This is called the local ETH in [4] in contrast to a stronger statement called subsystem ETH proposed therein, which is formulated as in (1.2) by comparing the reduced density matrices, i.e., requiring that trace distance between the two reduced states should be exponentially suppressed by the system entropy. The trace distance for two reduced density matrices ρ A , ρ A is defined as
and by definition 0 ≤ t(ρ A , ρ A ) ≤ 1.
In the paper we compare the energy eigenstate and canonical ensemble state, and so it is about the local weak ETH and subsystem weak ETH. As the subsystem weak ETH is stronger than local weak ETH, it could be violated for the system of infinite number of degrees of freedom. However, we do not directly calculate the trace distance but the Rényi entropies and entanglement entropies for both heavy state and thermal state of canonical ensemble. After doing this, we can then use some inequalities to constrain the trace distance with the difference of the Rényi entropies or relative entropy, thus check the validity of subsystem weak ETH.
Here are three such kinds of inequality. First, the Fannes-Audenaert inequality [33, 34] relating the difference of entanglement entropy, ∆S A := S A,φ − S A,β to the trace distance t := t(ρ A,φ , ρ A,β ) as follows: 16) with h = −t log t − (1 − t) log(1 − t) and d being the dimension of Hilbert space H A for the effective degrees of freedom in subsystem A. On the other hand, there is the Audenaert inequality for the Rényi entropy of order
with ∆S n := S n,φ − S n,β . Both the right hand sides of (2.16) and (2.17) are vanishing at t = 0, are log(d − 1)
at t = 1, monotonically increase at 0 < t < 1 − . Since d is very large, the right hand sides of (2.16) and (2.17) are approximately monotonically increase at 0 < t < 1. Finally, we also need Pinsker's inequality to give upper bound on trace distance by the square root of relative entropy, i.e.
By using (2.16) we see that |∆S A | gives the tight lower-bound on the trace distance if the d is finite, thus the validity of subsystem weak ETH can be pin down by the scaling behavior of |∆S A | with respect to the system entropy. This is no longer true if d is infinite as one would expect for generic quantum field theories, then both (2.16) and (2.17) are trivially satisfied and can tell no information about the trace distance [3, 4] . However, it is a subtle issue to find out how the effective dimension d of the reduced density matrix scale with the large c and if it is finite once a UV cutoff is introduced. We will discuss in more details in section 4.
A toy example
We now apply the above formulas to a toy 2D CFT, the massless free scalar. This CFT has central charge c = 1 so that it makes less sense to check subsystem weak ETH. Despite that, we will still calculate the relative entropy between excited state and thermal state, and the result can be compared to the large c ones obtained later.
Let the massless scalar denoted by ϕ, and from it we can construct the chiral vertex operator [43] 
with conformal weight
Choosing α 1 we can create the highly excited state as follows:
The Rényi entropy for the state |V α was calculated before in [27, 28, 32] , and the result is the same as (2.4) for the vacuum state, no matter what the value α is. Thus, the relative entropy (2.14) can be obtained straightforwardly and the result is
In Fig. 1 we have plotted the results as a function of /L for various β/L. We see that the relative entropy is overall larger for heavier excited state. Note that α appears in (2.22) implicitly through 
Excited state Rényi entropy
We now consider the 2D CFT with large central charge, which can be also thought as dual CFT of AdS 3 . We aim to calculate the Rényi entropy S n,φ for a highly excited state |φ , i.e., the conformal weight h φ is order c for short interval L so that we can obtain the results with two different methods based on short interval
The first method is to use OPE of twist operators on the cylinder to evaluate the excited state Rényi entropy [22] [23] [24] [25] . We have used this method in [9] to get the result up to order ( /L) 6 and find that the subsystem ETH is violated for n = 1 but holds for n = 1, i.e., the entanglement entropy. In this paper we calculate up to order ( /L) 8 and find nontrivial violation of subsystem ETH at the new order. For consistency check we also use the other two methods to calculate and obtain the same result. The second method is to use the multi-point correlation functions on complex plane [26] [27] [28] [29] [30] [31] [32] . As in [9] , we focus on the contributions of the holomorphic sector of the vacuum conformal family. Some details of the vacuum conformal family are collected in appendix A.
Method of twist operators
By the replica trick for evaluating the single-interval Rényi entropy, we get the one-fold CFT on an n-fold cylinder, or equivalently an n-fold CFT, which we call CFT n on the one-fold cylinder. The boundary conditions of the CFT n on cylinder can be replaced by twist operators [22] . Thus, the partition function of CFT n on cylinder capped by state |φ can be expressed as the two-point function of twist operators, i.e.
with the definition Φ ≡ n−1 j=0 φ j and the index j marking different replicas. This is illustrated in figure 2 . Formally and practically, we can use the OPE of the twist operators to turn the above partition function into a series expansion, and the formal series expansion for the excited state Rényi entropy is
The details about the OPE of twist operators [23] [24] [25] is reviewed in appendix B. In arriving the above, we have used (B.2) and the fact that Φ K Φ ≡ Φ|Φ K |Φ cyl is a constant.
Further using the properties for the vacuum conformal family and its OPE in appendix A and B, i.e., specifically (A.16), (B.9), (B.10) and (B.14), we can obtain the explicit result of the short interval expansion up to order ( /L) 8 as follows:
Note that the result up to order ( /L) 6 is just proportional to c, and agrees with the result obtained previously in [3, 9] . At the order ( /L) 8 , however, novel property appears. There appears a nontrivial 5c + 22 factor in the overall denominator, which yields infinite number of higher order subleading terms in the 1/c expansion for large c. These subleading terms come from the contributions of the quasiprimary operator A defined by (A.1)
at level four of the vacuum family. We will obtain the same result for other method in subsection 3.2.
n-fold cylinder one-fold cylinder one-fold complex plane The one-fold CFT on a one-fold CFT on an n-fold cylinder is equivalent to an n-fold CFT on a onefold cylinder. The boundary conditions of the n-fold CFT can be replaced by the insertion of a pair of twist operators [22] . The cylinder with twist operators can be mapped to a complex plane with twist operators.
Instead of working on the cylinder geometry, we can also work on complex plane by conformal map, as shown in figure 2. The cylinder with coordinate w is mapped to a complex plane with coordinate z by a conformal transformation z = e 2πiw/L . The partition function then becomes a four-point function on complex plane
Using (B.2) for the OPE of twist operators on complex plane, we get the excited state Rényi entropy 
Method of multi-point function on complex plane
In the second method we use the formulism of multi-point function on complex plane, see [26] [27] [28] [29] [30] [31] [32] . The idea is illustrated in Fig.3 . Using the state/operator correspondence, we map the partition function on the capped n-fold cylinder into the two-point function on the n-fold complex plane C n , i.e., formally
We then map each copy of complex plan into a wedge of deficit angle 2π/n by the following conformal transfor-
The two boundaries of each wedge correspond to the intervals just right above or below the interval A. Gluing all the n wedges along the boundaries, we then obtain the one-fold complex plane C so that the above two-point function on C n becomes a 2n-point function on a one-fold complex plane C, i.e.
which is expected for a pure state. n-fold cylinder n-fold complex plane one-fold complex plane [26] [27] [28] [29] [30] [31] [32] . Firstly, one has the one-fold CFT on an n-fold cylinder in excited state |Φ . Then, by state/operator correspondence one gets a two-point function on an n-fold complex plane C n . Lastly, by a conformal transformation one gets a 2n-point function on a one-fold complex plane. In the last part of the figure we use n = 5 as an example.
|Φ〉
Formally, the OPE of a primary operator with itself is given [44] 
with 11) where the summation runs over all the holomorphic quasiprimary operators {X } with each X being of conformal weight h X , and C y x denotes the binomial coefficient. In a unitary CFT, the operator with the lowest conformal weight is the identity operator, and so in z → w limit
Putting (3.10) in (3.8) and using [22] tr
we get the excited state Rényi entropy
(3.14)
We now perform the short-interval expansion for (3.14) up to order ( /L) 8 by considering only the contributions from the vacuum conformal family, i.e., including its descendants up to level eight, see appendix A. For n = 2 there is a compact formula
Using the details in the appendix A, we can obtain the explicit result as follows To perform the short-interval expansion Rényi entropy of general rank n, i.e., (3.14), to order m , we have to calculate a series of j-point correlation functions with j = 1, 2, · · · , m/2 . To order 8 the number of these multi-point correlation functions can be counted in each order by the following:
These multi-point correlation functions are listed in table 1, and we note that many of them are trivially vanishing. Putting the results of appendix A in (3.14), we reproduce the Rényi entropy (3.3).
Check subsystem weak ETH
We now can use the result in the previous section to check the subsystem weak ETH for the 2D large c CFT.
We first take the n → 1 limit of the excited state Rényi entropy (3.3) and the thermal one (2.5) up to order ( /L) 8 to get the corresponding entanglement entropy. We then have It is straightforward to see that (4.1) fails to match with (4.2) at order ( /L) 8 under the identification of inverse temperature and conformal weight by the relation (2.13), and the discrepancy is
From (2.14) we know that this is nothing but the relative entropy S(ρ A,φ ρ A,β ). Note that this discrepancy is of order c 0 in the large c limit, and also there are infinite number of subleading terms in large c expansion. 
n(n+3)(n 2 +27n+14) 24 8 . In the 1st column it is the order from which each multi-point function starts to contribute. In the 2nd column listed are the multi-point functions, and for simplicity we have omitted the correlation function symbol · · · C and the positions of the operators, which should be e 2πij1/n , e 2πij2/n , · · · . The j's take values from 0, 1, · · · , n − 1 with constraints that can be figured out easily. For example, T T A denotes the three-point functions on complex plane T (e 2πij1/n )T (e 2πij2/n )A(e 2πij3/n ) C with 0 ≤ j 1,2,3 ≤ n − 1 and the constraints j 1 < j 2 , j 1 = j 3 , j 2 = j 3 . In the 3rd column we mark the answers to several questions. For the 1st question we mark if the multi-point functions are non-vanishing and we × if they are vanishing. The 2nd, 3rd, 4th and 5th questions are for the calculation of (5.2) in section 5, and they are about whether the multi-point functions are non-vanishing or vanishing after the insertion, respectively, of the operators T , A, B and D. In the 4th and 5th columns are the numbers of the multi-point functions as counted by (3.17) . Note that the table is similar to but different from table 2 which counts the CFT n quasiprimary operators.
entropy and relative entropy firstly in expansion of small , and then in expansion of large c. Focusing on the order of large c, we have
and we assume that these orders still apply when 0 < /L < 1 is neither too small nor too large. From (2.16), (2.17), and (2.18) we get respectively
From the first inequality of (4.5), the lower bound of the trace distance t, which is crucial for the validity of subsystem weak ETH, depends on if the effective dimension d of the subsystem A is strictly infinite or how it scales with c. It is a subtle issue to determine d for generic CFTs. We will raise this as an interesting issue for further study, but now consider some interesting scenarios. Boltzmann's entropy formula Ω(E) ∼ e S(E) state that the number of states at a specific high energy is e O(c) . It is plausible that for both the reduced density matrices ρ A,φ and ρ A,β only e O(c) components are nontrivial and other components are even smaller than exponential suppression. Then we get the tentative result
If this is true, from (4.5) we get
Both (4.6) and (4.8) are consistent with the subsystem weak ETH (1.3). However, it lacks further evidence to obtain the power of suppression.
Relative entropy between primary states
In this section we present some byproducts of this paper obtained by using the same method as the one in subsection 3.2 [26] [27] [28] [29] [30] [31] [32] , which has also been used to calculate the relative entropy [28, [30] [31] [32] . We will calculate the relative entropy S(ρ A,φ ρ A,ψ ), the 2nd symmetrized relative entropy S 2 (ρ A,φ , ρ A,ψ ), and the Schatten 2-norm 5 In [4] , instead a similar proposal to our first inequality of (4.5) for subsystem weak ETH, i.e., t ∼ d e
S(E) is used as the definition for the effective dimension d. We understand this as the working definition because the spectrum of the density matrix for the CFT should be continuous without further coarse-graining. ρ A,φ − ρ A,ψ 2 between the reduced density matrices of two primary states |φ and |ψ in the short interval expansion, where ψ is similar to φ and is the primary field of conformal weight h ψ = c ψ .
To calculate the relative entropy S(ρ A,φ ρ A,ψ ), we first need to calculate the "n-th relative entropy"
and then take n → 1 limit.
We have already calculated tr A ρ n A,φ as illustrated in figure 3 of in subsection 3.2, and this inspires us to calculate tr A (ρ A,φ ρ n−1 A,ψ ) as illustrated in figure 4 . Similar to the manipulation in subsection 3.2, in the end we can obtain the formal result
Here Ψ φ ≡ φ 0 n−1 j=1 ψ j , with φ existing in one copy and ψ existing in the other n − 1 copies. The explicit result up to order ( /L) 8 is
By taking n → 1 limit we get j=1 ψ j , with φ existing in one copy and ψ existing in the other n − 1 copies.
To order
6 the result is in accord with [30, 31] .
Using the above result we can obtain S(ρ A,ψ ρ A,φ ) by swapping φ and ψ in (5.4). After that we can get the symmetrized relative entropy
Note that if we take ψ = 0, we can obtain S(ρ A,φ ρ A,0 ), S(ρ A,0 ρ A,φ ) and S(ρ A,φ , ρ A,0 ) which characterize the difference of the excited state |φ and the vacuum state |0 . Moreover, all the above results show nontrivial subleading 1/c corrections at the order ( /L) 8 .
The n-th relative entropy for n = 1 is not positive definite so that it cannot used as the measure for the difference of two quantum states. However, it turns out the 2nd symmetrized relative entropy S 2 (ρ, ρ ) is positive definite because it can be written as
Thus, S 2 (ρ, ρ ) can be used as a difference measure between two quantum states. In fact it is directly related to the overlap of the two density matrices
Note that the 2nd symmetrized relative entropy S 2 (ρ, ρ ) is vanishing if and only if two density matrices are identical ρ = ρ and is infinite for two orthogonal density matrices tr(ρρ ) = 0.
More general, one can also use Schatten n-norm to measure the difference of two density matrices
For n = 1 it is just the trace distance, and for n = 2 we have
Below we will calculate both S 2 (ρ A,φ , ρ A,ψ ) and ρ A,φ − ρ A,ψ 2 by following the similar trick used in the previous subsection. In fact, the ingredients needed to carry out the calculations such as tr A ρ 2 A,φ and tr A (ρ A,φ ρ A,ψ ) have all been done already in previous sections. Packing them up, we then obtain the formal results as follows:
Then, in the short interval expansion we obtain the explicit results as follows:
We see that both of them have nontrivial large c corrections though with different structures.
Conclusion and discussion
ETH is a fundamental issue in quantum thermodynamics and its validity for various situation should be scruti-
nized. An interesting version of ETH was proposed very recently in [3, 4] , the so-called subsystem ETH which requires the difference between high energy state and microcanonical ensemble thermal state over all a local region should be exponentially suppressed by the entropy of the total system. This can be further relaxed to the so-called subsystem weak ETH, which compares the high energy state and canonical ensemble thermal state. To be precise, the trace distance of the reduced density matrices should be power-law suppressed.
In this paper we check the validity of subsystem weak ETH for a 2D large c CFT. We evaluate the Rényi entropy, entanglement entropy, and relative entropy of the reduced density matrices to measure the difference between the heavy primary state and thermal state. We use these results and some information inequalities to get the bounds for the trace distance in large c limit, and find
The upper bound is trivial. The lower bound depends on how the effective dimension d of the subsystem scales with c, which is subtle to determine. Instead of using the relation (6.1) as a definition of d, see, e.g., [4] , we treat it as an open issue and consider the possible interesting scenarios. One of these is that d satisfies Fannes-Audenaert inequality and at the same time yields nontrivial lower bound of t. It is plausible that
If this is true, the trace distance would be power-law suppressed so that it is consistent with the subsystem weak ETH.
We have to say we do not have a concrete proof that the result (6.2) is correct. The validity of the subsystem weak ETH really depends only on whether the large but finite effective dimension exists and if yes how it scales with the large central charge.
It is an open question, and it is possible one has to calculate the trace distance explicitly to find the answer.
As pointed out in [9] , the mismatch of the Rényi entropies of excited state and canonical ensemble thermal state at order 4 originates from the mismatch of the one-point expectation values of the level 4 quasiprimary operator A. The same reason applies to the mismatch of entanglement entropies, and the non-vanishing of relative entropy at order 8 in this paper. One possible resolution is that the excited state should be compared to the generalized Gibbs ensemble thermal state [45] [46] [47] [48] [49] [50] , instead of the ordinary canonical thermal state. In fact, there are an infinite number of commuting conserved charges in the vacuum conformal family [51, 52] , and in the generalized Gibbs ensemble one can also use noncommuting charges [47] . We will discuss about it in more details in a work that will come out soon [53] . 
A Some details of vacuum conformal family
We list the holomorphic quasiprimary operators in vacuum conformal family to level 8. In level 2, we have the quasiprimary operator T , with the usual normalization α T = c 2 . In level 4, we have
In level 6, we have the orthogonalized quasiprimary operators
with the definition In level 8 we have the orthogonalized quasiprimary operators
with the definitions α I = 3c(2c − 1)(3c + 46)(5c + 3)(5c + 22)(7c + 68) 2(5c(210c + 661) − 251) .
In this paper we need the structure constants 8) and the four-point function on complex plane
with the definitions z ij ≡ z i − z j .
structure constants
, (A.13)
For a general holomorphic quasiprimary operator X , the non-vanishing of C φφX require that X is bosonic and its conformal dimension h X is an even integer, and this leads to C φφX = C φX φ . We have the three-point function on complex plane
For a general operator X , we denote its expectation value on a cylinder with spatial period L in excited state |φ as X φ = φ|X |φ cyl . From translation symmetry in both directions of the cylinder, we know that X φ is a constant. So for r ∈ Z and r > 0, we have
By mapping the cylinder to a complex plane, using (A.10) and (A.13) we get the expectation values 
B OPE of twist operators
We review OPE of twist operators in the n-fold CFT that is denoted as CFT n [23] [24] [25] 54] . We also define and calculate C ΦΦK , Φ K Φ , and b K that would be useful to subsection 3.1. Note that in this paper we only consider contributions of the holomorphic sector. The twist operators σ andσ are primary operators with conformal weights [22] 
Here c n is the normalization factor. The summation K is over each orthogonalized holomorphic quasiprimary Table 2 : To level 8, the CFT n holomorphic quasiprimary operators. We have omitted the replica indices and their constraints. The definitions of J , K, L, M, N , O, P, Q, R can be found in [54] , and the normalization factors α K and OPE coefficients d K for all these quasiprimary operators can also be found therein. In subsection 3.1, we need structure constant C ΦΦK for the quasiprimary operators Φ K in table 2. The results can be written in terms of (A.13). First of all it is easy to see C ΦΦT = C φφT , C ΦΦA = C φφA , C ΦΦB = C φφB , C ΦΦD = C φφD , C ΦΦE = C φφE , C ΦΦH = C φφH , C ΦΦI = C φφI , C ΦΦT T = C Finally, we have
It is easy to get Φ K Φ that appear in (3.2) in terms of (A.16) For examples, in table 2 T denotes operators T j with 0 ≤ j ≤ n − 1, and T T A denotes operators T j1 T j2 A j3 with 0 ≤ j 1,2,3 ≤ n − 1 and the constraints j 1 < j 2 , j 1 = j 3 , j 2 = j 3 , and so we have 
C Useful summation formulas
Most of the summation formulas that are used in this paper can be found in [54] . There are two other ones with the summation of the left-hand side being over 1 ≤ j 1,2,··· ,k ≤ n − 1.
